Using an improved "analytic K-matrix model", we reconsider the extraction of the σ ≡ f 0 (600) and f 0 (980) γγ widths from γγ → ππ scatterings data of Crystal Ball and Belle. Our main results are summarized in Tables 3 and 4 . The averaged σ "direct width" to γγ is 0.16(3) keV which confirms a previous result of [1] and which does neither favour a large four-quark / molecule nor a pureqq components. The "direct width" of the f 0 (980) of 0.28(2) keV is much larger than the four-quark expectation but can be compatible with ass or a gluonium component. We also found that the rescattering part of each amplitude is relatively large indicating an important contribution of the meson loops in the determinations of the σ and f 0 (980) γγ total widths. This is mainly due to the large couplings of the σ and f 0 (980) to ππ and/orKK, which can also be due to a light scalar gluonium with large OZI violating couplings but not necessary to a four-quark or molecule state. Our average results for the total (direct+rescattering) γγ widths: (1) keV are comparable with the ones from dispersion relations and PDG values. Using the parameters from QCD spectral sum rules, we complete our analysis by showing that the production rates of unmixed scalar gluonia σ B (1) and G (1.5-1.6) agree with the data from J/ψ, φ radiative and D s semi-leptonic decays.
Introduction
In previous series of papers [1] [2] [3] , we have used an improved version of the K-matrix model originally proposed in [4] for studying the hadronic and γγ couplings of the σ/ f 0 (600) meson 1 . We found that the "direct" coupling of the σ to γγ is more compatible with a large gluon component in its wave function rather than with aqq (too large γγ width) or four-quark (too small γγ width). More recently, we have extended the analysis for studying the hadronic couplings of the σ/ f 0 (600) and f 0 (980) mesons [2, 3] . We found an unexpected relatively large coupling of the σ toKK: |g σK + K − |/|g σπ + π − | = 0.37 (6) 2 , which disfavours its large π − π molecule and four-quark components, while the large coupling of f 0 (980) toKK: |g f K + K − |/|g f π + π − | = 2.59(1.34), excludes its pure (ūu +dd) content. These phenomenological observations go in lines with the fact that, in the I = 0 channel, the gluon component is expected to play an essential rôle through the scalar QCD anomaly (dilaton) [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] which manifests through the trace of the QCD energy momentum tensor:
and we have restricted to the S U(3) symmetric shape function. We have introduced a real analytic form factor shape function, which takes explicitly into account left-handed cut singularities for the strong interaction amplitude, and which allows a more flexible parametrisation of the ππ → ππ/KK data. In our low energy approach, the shape function can be conveniently approximated by 3 :
which multiplies the scalar meson couplings to ππ/KK. In this form, the shape function allows for an Adler zero at s = s AP and a pole for σ DP < 0 simulating the left hand cut.
channel ⊕ "bare" resonance
Let's first illustrate the method in this simple case. The unitary PP amplitude is then written as:
where T PP = e iδ P sin δ P /ρ P (s) with ρ P (s) = (1 − 4m 2 P /s) 1/2 ; G P = g 2 σP,B are the bare coupling squared and :
with: (θρ P )(s) = 0 below and (θρ P )(s) = ρ P (s) above threshold s = 4m 2 P . The "physical" couplings are defined from the residues, with the normalization: .
The real part of D P is obtained from a dispersion relation with subtraction at s = 0 and one obtains:
with: h P (s) = f P (s)L s1 (s)-(σ NP /(s − σ DP ))L s1 (σ DP ), σ NP is the residue of f P (s) at σ DP and:L s1 (s) = s − 4m 
Generalization to 2 channels ⊕ 2 "bare" resonances
In [2, 3] , we have generalized the previous case to the one of 2 channels ⊕ 2 "bare" resonances. 3 Here and in the following σ D is negative and is opposite in sign with the one used in our previous works [1] [2] [3] .¯E
The γγ → ππ process

xpression and normalization of the amplitudes
The amplitude γ(q 1 , ǫ 1 ) + γ 2 (q 2 , ǫ 2 ) → π(p 1 ) +π(p 2 ) of mass m π can be written in terms of the invariants 4 :
with ∆ = p 1 − p 2 . Helicity λ = 0 and λ = 2 amplitudes are denoted by F and G, which, in terms of partial wave amplitudes, read respectively: 
For unpolarized photons, the cross section reads:
where the cos θ integration should be done from 0 to 1 for the neutral and from -1 to 1 for the charged cases. In the following analysis, we find convenient to express the charged F C and neutral F N amplitudes in terms of the I = 0 and I = 2 isospin ones 5 :
corresponding to the following |ππ states: 4 We use the same normalization as [4] . 5 We use the same convention as [4] where F C is opposite in sign with [27] .
¯T he example of one pion exchange for γγ
The expression of the Born term amplitude due to one pion exchange reads 6 :
from which one can deduce the helicity amplitudes:
Amplitudes for 1 channel ⊕ 1 resonance below 0.7 GeV -The isospin I=0 channel: starting from the S wave amplitude in Eq. (3), we derive the amplitude T (I) γ for the electromagnetic process for isospin I = 0 as:
Here the contribution from the Born term of γγ → π + π − is given by f B P = 2L 1 as defined in [4] , a real analytic function in the s plane with left cut s ≤ 0. The functionf B P represents ππ rescattering; it is regular for s < 4m 2 π but has a right cut for s ≥ 4m 2 π with: Imf 
, (18) from which one can deduce the branching ratio:
-The isospin I=2 channel: similarly, we parametrize the I = 2 S -wave amplitude T (2) 0 by introducing the shape function f 2 : 6 Here and in the following, we use the same normalization as in [4] and we use the gauge conditions:
and obtain:
where f
2 )(s). These amplitudes are again both subtracted at s = 0 as in case of I = 0 and one finds in analogy:
where: 
Results of the analysis
In doing the analysis for the case of elastic ππ → ππ scattering and γγ → ππ below 700 MeV where the Crystal Ball [21] and MARK II [22] data have been used, we have obtained in [1] the results summarized in Table 4 .
Extension of the γγ → ππ analysis below 1.09 GeV
In this paper, we extend the previous analysis by including ππ andKK loops and work in the region just above theKK threshold (the minimal χ 2 /nd f of our fit is obtained for √ s = 1.09 GeV), where the σ(600), f 0 (980) contributions are dominant.
S-waves masses and hadronic couplings
In this case with 2 resonances ⊕ 2 channels, the hadronic masses and couplings of the σ(600) and f 0 (980) and the corresponding values of the "bare parameters" of the model are given in Tables 2 and 3 (23) and the ratios of the hadronic couplings are:
D-wave mass and hadronic couplings
In the energy region where we shall work below 1.09 GeV, the D-wave contribution can be also important. However, an accurate parametrization of the D-wave contribution is not available. Assuming that it is dominated by the f 2 (1270), we extract its complex pole position and hadronic couplings and the corresponding "bare parameters" of the model from the fit of the I = 0, J = 2 phase shift measured in [24] and [25] . In so doing, we parametrize, as in [4] , the I = 0 D-wave ππ → ππ/KK scattering amplitudes: where s 0 is a pole on the negative real axis to simulate left hand singularity, and:
The function C(s, m P ) satisfies:
with ρ P (s) = 1 − 4m 2 P /s the phase-space function. The real part of C(s, m P ) can be obtained from dispersion relation:
where the last poles are adjusted to cancel the poles at s = s 0 and 7 :
7 Note the extra factor 1/2 in B compared to the one in [4] .
The resulting values of the bare parameters are given in Table  1 , from which we derive the pole position in the 2nd sheet and the residues of f 2 (1270) 8 . Compared with the PDG data 9 :
M f 2 = 1.27 GeV and Γ f 2 →ππ = 156.9
one can notice that the pole position and the ππ width are well reproduced. 
The vector meson contributions
In the energy-region where we shall work, exchange of vector mesons V ≡ ρ, ω, K * + , K * 0 in the t-channel can become important. We introduce their couplings to γγ via the effective interaction:
where
are the vector (resp. electromagnetic) field strengths; π is the pion field.
The coupling h V is normalized as:
Using the standard vector form of the vector propagator, the Born contribution to the γγ → π + π − amplitude due to the vector meson exchange is:
from which we deduce the helicity amplitudes:
The results agree with the ones in the different literature (see e.g. [4, 26, 27] ). 8 There is also pole (1.244 − i0.095) GeV in the 3rd sheet. 9 Notice that the data of the inelasticity are not quite good which induces a relatively bad χ 2 /nd f = 132.6/95 = 1.4.
¯T he B(1 +− ) axial-vector contributions
Their contributions can be introduced via the lowest order effective coupling [26] :
with:
and h B is normalized as in Eq. (32) . One can deduce the amplitude:
Then, the helicity amplitudes are:
The a 1 (1 ++ ) axial-vector contribution
We describe the a 1 (1 ++ ) in the same way as the b 1 (1 +− ) meson 10 , where h b 1 is simply replaced by h a 1 , which can either be determined from the a 1 → πγ width or from the ChPT coupling constants [27, 28] :
where f π = 92.4 MeV is the pion decay constant.
The size of the different radiative couplings
These can extracted from the data and using S U(3) symmetry relations and read in units of GeV −1 :
5. K-matrix model analysis of γγ → ππ below 1.09 GeV 10 A tensor formulation of the axial-vector meson has been proposed in [28] where the form of the propagator differs from the standard one. If we use this propagator, we reproduce the expression of the amplitude given in [27] where an extra contact term s(ǫ 1 .ǫ 2 ) is added in Eq. (37) . We shall see in our analysis that the presence of this term would decrease the strength of the direct coupling of the scalar resonance but the total = direct+rescattering contribution remains almost unchanged. This term might be absorbed by some other counter terms of the complete effective lagrangian.¯T he Born and unitarized S-wave amplitudes The Born and unitarized terms can be calculated unambiguously using the effective lagrangians. Taking into account the t-channel exchange of pion, vector and axial-vector mesons discussed in the previous section and shown in Fig. 2 , the Born and unitarized parts of the amplitude given in Eq. (16) generalize to (normalized to α):
where the values of h V,A are in Eq. (40), b π,ρ,··· are ClebshGordan coefficients for projecting π, ρ, ... exchanges on the I = 0 s-channel amplitudes:
The partial S -wave Born amplitudes read :
V,A ) are functions analytic in the left hand cut plane whose expressions are given in Appendix C of [4] . The reduced amplitudes are defined from the amplitudes in [1, 3] as:
where f πa is the shape function assumed to be the same for π and K.f 
where 
and where the functionsL 1 (s) andL 2 (s) have been defined in the appendix C of [4] . For the axial-vector mesons, h B A (s) is opposite in sign with the one for vector mesons given above.
The Born and unitarized D-wave amplitudes
Here we shall discuss two models, namely the one originally discussed in [4] and a new model with a shape function inspired from the S -wave channel and which is expected to have a much better analytic property (absence of a pole in the left cut). We shall assume that the D-wave contribution is dominated by the helicity two I = 0 amplitude which will be verified (a posteriori) from a fit analysis. -The original model has been discussed in details in [4] . For one pion exchange, the isospin I = 0 γγ → ππ amplitude is:
where f B π is the Born term with helicity 2:
and the unitary triangle one loop functionf B π satisfies:
The real part off B π can be derived from dispersion relation with subtraction at s = 0:
-The new model is introduced to avoid the left hand pole at s = s 0 of the old model. In this case the amplitude reads:
where the 2nd term is the unitarized amplitude.f B π | new is the triangle loop function due to one pion exchange:
The real part off B π | new can be derived from dispersion relation with subtraction at s = 0:
We compare these two models in Fig. 3 , where we can notice that the two models lead (almost) to the same amplitudes. From this figure, it is interesting to notice that there is a strong cancellation between the Born term and the real part of the unitarized amplitude around the f 2 (1270) pole, while the imaginary part of the amplitude is relatively small. This feature demonstrates that the γγ total width of the f 2 is dominated by its direct coupling as expected. In the following, we shall use the old model for our fitting procedure due only to a chronological procedure of our analysis.
The direct resonance couplings
On the contrary the direct couplings of the resonances are model dependent where the polynomial P reflects the ambiguity from the dispersion relations 11 . We parametrize this contribution by introducing the effective photon-photon-resonance couplings for the S -waves [4] : where the reduced amplitudes are:
(57)
The functions f 0 (s),f P (s)(P = π, K), D P (s) and bare parameters σ D , s A , s Ra , g πa , g Ka , s Rb , g πb , g Kb are defined in [1, 3] and given in Tables 2 and 3 of ref. [3] . Similarly, we have for the D-waves [4] :
with the normalization:
if one assumes that the λ = 0 helicity contribution is negligible 12 . Using the PDG value (2.6 ± 0.24) keV [23] for the γγ width, we deduce: 12 If we let free the two couplings of the λ = 0 and 2 components of the f 2 (1270) in the fit, we find that the λ = 0 coupling is negligible confirming our assumption. We also notice that at the f 2 -pole, there is a strong cancellation between the Born and rescattering contributions (see also [4] ) which justifies the identification of the f 2 → γγ total width given by PDG [23] to the "direct" width.
Fitting γγ → π 0 π 0 just above theKK threshold
Fitting procedure
In so doing, we fix the value of the λ = 2 components of the f 2 (1270) using the f 2 γγ width given by PDG and neglect the λ = 0 one. We use as inputs the Set 2 and Set 3 hadronic parameters obtained in [3] using the largest range of hadronic data. Then, we perform a fit of the four direct couplings from the γγ → π 0 π 0 total cross-section up to √ s ≈ 1 GeV 13 . We move √ s around 1 GeV and looks for the minimum χ 2 /nd f for the total cross-section, which is obtained at √ s= 1.09 GeV, where χ 2 /nd f = 39.5/41 = 0.96 for e.g. Set 3 of the hadronic parameters, which we show in Fig. 5a ). In Fig. 5b) , we compare the γγ → π 0 π 0 differential cross-section at √ s = 0.97 GeV for sum of all partial waves with the sum of the S+D waves and with the Belle data. The results of the fit are given in Tables [3] , where χ 2 /nd f = 39.5/41 = 0.96 is minimal. The data come from Crystal Ball (blue full circle) and from Belle (black full square); dotted blue (S-channel contribution); dashed green (D-wave contribution); continuous red (total contribution); dotted-dashed salmon (sum of all partial waves); b) Comparison of the effects of the sum of all partial waves (dashed-dotted salmon) with sum of S+D waves (continuous red) and the Belle data on the γγ → π 0 π 0 differential cross-section at √ s = 0.97 GeV. and 3. 13 We choose not to fit much above 1 GeV in order to avoid the possible contribution of an eventual f 0 (1370) and to minimize the contribution of the D-wave. Table 2 : Fitted values of the bare couplings of σ and f 0 (980) in units of GeV −1 for ( f S γ ) and GeV −2 for ( f ′ S γ ) using Set 2 and Set 3 of the hadronic parameters from [3] . The γγ → ππ total cross-section has been fitted until √ s=1.09 GeV (minimum value of χ 2 /nd f ) and the differential cross-section until 
Comments on the results
Our results are summarized in Tables 3 and 4 : -The direct part of the γγ widths: one can notice that the K exchange and K-loop tend to decrease the direct width of the σ meson which is compensated by the V+A contributions, such that at the end, the final result is compatible with the one 0.13 keV obtained in the case: 1 resonance ⊕ 1 channel obtained below 0.7 GeV [1] . We consider as a final result the average from Set 2, Set 3 and from the one resonance ⊕ one channel analysis below 0.7 GeV of [1] for the σ and the average from Set 2 and Set 3 for the f 0 (980) (see Table 4 ):
For a consistent comparison with some other theoretical estimates (QSSR,...) obtained in the real axis, we translate these widths from the residues to the one evaluated at the on-shell σ mass or Breit-Wigner mass defined in [1, 30] when the amplitude is purely imaginary at the phase 90 0 :
In this way, we obtain:
which are similar with the results obtained by using a BreitWigner parametrization of the data [1] .
-The rescattering part of the γγ widths are (in units of keV):
where we take the average from Set 2, Set 3 and from the one resonance ⊕ one channel analysis below 0.7 GeV of [1] for the σ and the average from Set 2 and Set 3 for the f 0 (980) (see Table 4 ). One can notice that in both cases, the rescatterings are relatively large indicating the important rôle of meson loop contributions in the γγ widths of the scalar mesons.The large couplings of scalar to meson loops are often interpreted in the current literature as being related to their four-quark or/and molecule structure. However, these large couplings to ππ and KK are also expected if the σ, f 0 have large gluon component and violate OZI rule in their hadronic decays [10, 12, 13] . In the case of the σ meson, one can notice the large effect due to vector mesons which is partly compensated by the one of the axial-vector mesons. Compared with the result 2.7 keV from the analysis below 0.7 GeV with a pion loop [1] , one can notice that Γ resc σ has been affected by the presence of the f 0 (980) when doing the fitting procedure. In the case of the f 0 (980), the 
Comparison with some other results
Dispersion relations
A comparison of the total width in Eq. (65) with the results obtained using dispersion relations [8, 27, 31, 32] 14 is shown in Table 4 . The results can only be compared for the total width, as the authors have not performed the (model-dependent) separation of the direct and rescattering processes done in this approach. Our results for the σ are in better agreement with the ones from [1, 8, 31] . The one of the f 0 is in between the results of [8, 31] and of the PDG value [23] . However, the PDG value seems to be more consistent with our value of the direct width which might be identified with the one using a Breit-Wigner parametrization of the data.
Model of [34] This approach of [9, 34, 35] presents some similarities with ours where the direct and rescattering processes can be also separated. However, we differ in the treatment of the hadronic ππ → ππ/KK process as an (a priori ad hoc) background phase has been explicitly introduced which multiplies the resonance contributions to the amplitude in this approach. Besides this difference, the authors also have a different (philosophical) view on the problem, where they claim that considering the residues of the σ pole for the hadronic amplitude does not give a clear understanding of the nature of the σ, while, in our paper, we, on the contrary, claim that the residues in the complex plane can clarify its nature. For a better understanding of the quantitative difference between the two approaches, we look in details into the analysis of [34] : -We note that the authors use the bare couplings for predicting the γγ width of the resonances while we transform the bare couplings (which are real numbers) to the residues in the complex plane by analytically continuing these results to the 2nd sheet. In fact, we expect that working with the bare couplings for the wide complex σ meson cannot (a priori) be a good approximation.
-We also note that the authors only include the S and D-waves and neglect the contributions due to the vector and axial-vector mesons (V+A) which is a bad approximation for the direct width predictions (compare the last two columns of Table 3 ) though the numerical fits of the total cros-section are similar in the two cases (see Fig. 5 ) because of the dominant contribution of the rescattering amplitude which remains almost constant.
-From Table 3 , one can indeed deduce within the approximation of [34] by retaining the S+D wave contributions that the value of the f 0 (980) direct width is about (0.002-0.01) keV for Sets 2 and 3 which agrees with the tiny value obtained in [34] .
-For the σ, a comparison of our result with the one of [34] is less direct due to the large width of the σ and to the important effect of the background phase which multiplies the resonance hadronic amplitude. Indeed, a factorization of this phase can allow a 90 0 phase at a low on-shell mass of about 500 MeV, while it is about 1 GeV, similar to the one obtained from a BreitWigner paramterization, in our approach [Eq. (62)]. If one uses the previous inputs (bare couplings + S and D−waves), one can see from the value of the bare coupling obtained in [1] that the direct width of the σ would be about 0.02 keV for a σ mass of 0.42 GeV which is similar to the result of [34] . The results of our tests agree with the ones of [34] but these results might not be realistic due the drawbacks which we have mentioned above. γγ
We use the previous fitted values of the parameters from γγ → π 0 π 0 for predicting the γγ → π + π − process. The results for the total and differential cross-sections are shown in Fig. 6 , where one can notice that the prediction is not good between 0.5 to 0.9 GeV if one only retains the S and D-waves in the partial waves of the Born term. A similar problem has been encountered by the authors of [34] (Fig 4) who solve this (Fig. 6) by introducing a form factor (which looks ad hoc) from [36] for the D-wave
Conclusions
At first sight, aqq-gluonium mixing scheme like the one proposed below 1 GeV in [12, 48] might be appropriate for describing the σ and f 0 (980) obtained from our fits of ππ → ππ/KK and γγ → ππ scatterings. The values of their "direct widths" favour a large gluon content for the σ meson but are not decisive for explaining the substructure of the f 0 (980) meson. However, the large values of the rescattering widths, due to meson loops because of the large couplings of the σ and f 0 (980) to ππ or/andKK, can be also obtained if they are gluonia states but not necessarily if they are four-quark (diquark-antidiquark) or molecule states as currently claimed in the existing literature. The agreement of our predictions for a gluonium production through radiative φ radiative decays with the data seems to support some large gluon component for the σ and to a lesser extent for the f 0 (980). This test can be pursued in the analysis of J/ψ radiative and D s semi-leptonic decays. We plan to analyze in details the substructure of these light scalar mesons by including mixings in a future work.
